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Abstract 



We deform two-dimensional topological gravity by making use of its gauge theory formulation. 
The obtained noncommutative gravity model is shown to be invariant under a class of transfor- 
mations that reduce to standard diffeomorphisms once the noncommutativity parameter is set 
to zero. Some solutions of the deformed model, like fuzzy AdS2, are obtained. Furthermore, the 
transformation properties of the model under the Seiberg-Witten map are studied. 
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1 Introduction 



Quantum field theories formulated on a noncommutative space have become recently the 
object of renewed interest. This is primarily due to the realization that noncommutative 
U{N) gauge theories arise in the field theory limit of strings in a constant 5-field back- 
ground The perturbative analysis of such theories is simplified by the fact that the 
noncommutativity of spacetime can be traded off by a modified multiplication rule for 
the fields, i.e. functions on noncommutative M'^ can be treated as ordinary functions on 
standard with a deformed multiplication given by the Moyal *-product. 
By now there exists an abundant literature on the perturbative and non perturbative 
studies of field theories in noncommutative flat Mf^. For a review and an extensive list 
of references cf. e. g. p[. On the contrary, very little is known about corresponding 
theories in a curved noncommutative space or else about a noncommutative formulation 
of gravity itself. One of the main obstacles to overcome in the formulation of gravity on 
noncommutative spaces is related to the fact that the Moyal product does not maintain 
reality. One possible way to preserve nevertheless reality of the gravitational fields is 
to use explicitely the Seiberg-Witten map |@. Otherwise it seems that one is forced to 
complexify the fields However, complex gravity may be plagued by inconsistencies 

already at the commutative level 

Here we attack the problem starting from the theory of noncommutative gravity formu- 
lated in two space-time dimensions. In this case we can take advantage of our knowledge 
about non commutative gauge theories. There we know how to deform the gauge trans- 
formations for the fields and everything is under control at least at the kinematical level. 
In fact the Jackiw-Teitelboim (JT) model of 2-d commutative gravity can be written 



as a topological SU{1,1) gauge theory |TO|,[TT]]. Within this formulation embedding in 



a noncommutative space is straightforward: since in the volume form the metric does 
not appear it is sufficient to introduce the *-product appropriately and extend the gauge 
group to U{1, We will show how to write the action in terms of real fields and how to 
achieve the decoupling of the extra U{1) in the commutative limit. Then we address the 
issue of diffeomorphisms. We find that the deformed action is invariant under a class of 
transformations that reproduce the standard diffeomorphisms in the commutative limit. 
Moreover, once the equations of motion are imposed, they are equivalent to gauge trans- 
formations, as it happens in the commutative case. 

Our paper is organized as follows: in the next section we define the noncommutative 
gravity action in terms of a topological two-dimensional gauge theory and write the equa- 
tions of motion. In section 3 it is shown that the Seiberg-Witten (SW) formula maps 
the deformed model into the standard commutative topological gauge theory. In section 
4 we show that the action enjoys an invariance that reduces to ordinary diffeomorphism 
invariance in the commutative case. In section 5 we obtain solutions of the equations of 
motion and discuss their dependence on the noncommutativity parameter. Finally we 
present our conclusions. 

^For other attempts to formulate gravity on noncommutative spaces based on Chern-Simons actions 
and its variants cf. ||l^-|l6t. 
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2 Deformation of two-dimensional topological gauge 
theory 

It is well-known that the JT model of dilaton gravity in two dimensions can be for- 
mulated as an SU{1,1) topological gauge theory [0, |lTl. This is similar to the three- 



dimensional case, where pure Einstein gravity can be written as a Chern-Simons the- 
ory . In what follows, we will use this gauge theory formulation to define 2-d noncom- 



mutative gravity. To this end, we first note that the group SU{1, 1) is not closed with 
respect to the Moyal product, and thus we are forced to consider a gauge theory based on 
U{1, 1). The action of the U{1, 1) gauge theory on noncommutative R^, with coordinates 
satisfying = iO^^^, read^ 



S = (3 j Tr(<I)*F) , (2.1) 



where /? is a dimensionless coupling constant. $ = ^^ta, A = A^TAdx^ and F = 
^F^^TAdx'^ A dx^ take values in the Lie algebra 1) (the generators ta are given in the 
appendix). The star denotes the usual Moyal product, and 



F = DA = dA + AA" A , 
Ffiu = d^Ai, — dyA^ + A^ -k Ay — Ay -k A^ . (2.2) 

Note that the fields A^ and are real, and that this reality is preserved under the 
infinitesimal gauge transformations^ 

5xA = d\ + [A,\] = D\, 5x^=[^,X], (2.3) 
where A = X^ta- The integrated form of (|2.cj|) is given by 



A-^ g,^kA^g + g,^^dg, $^^/*<I>^^, (2.4) 
with g = exp^ A G f/(l, 1)*, i. e. , g~^ = rig^^r], where r] = diag(— 1, 1) and g g~^ = 1 = 
The equations of motion following from (|2.1[) read 



^Of course in two dimensions [x^jX*^] = i^^" implies timelike noncommutativity, so one might think 
that problems like causality violation or loss of unitarity Cq, 19| occur. However, as we will see below 



(cf. Eq. (2.5)), the deformed theory is still topological, so that there are no propagating degrees of freedom. 



and we thus expect the theory to be well-defined in spite of timelike noncommutativity. 

^In what follows, all commutators and anticommutators are taken with respect to the Moyal product. 
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F = 0, 
D$ = 6/$ + [A, $] = , 



(2.5) 
(2.6) 



so that the solutions are those of flat f/(l, 1) connections in two dimensions. The equation 
^) implies that locally one can write 



with g e U{1, 1)^. Using 



(2.7) 



where On^O^^ = 5;^, and defining the covariant coordinates 



:2.8) 



[2.9) 



one immediately obtains 



X^ = g;'^x>'^g. 



(2.10) 



Note that the satisfy [X>',X''] = iO'"' . We still have to solve Eq. (U), which is 
equivalent to = 0. Inserting ( |2.10|) and the ansatz $ = -k B -k g, where 



B e m(1, 1), one gets d^B = 0, so i? is constant. The solution of ( p.6|) is thus 



^ = g:'^B^g. (2.11) 

In order to make contact with gravity, we decompose the m(1, 1) valued scalar and gauge 
fields according to 



<l>^ = (r,0,p), A^ = {e;/l,u;M, (2.12) 

where a = 0, 1 and I is related to the negative cosmological constant by A = — 1/Z^. We 
note that in the noncommutative case one is forced to include the fields p and 6^, which 
correspond to the trace part of u( 1,1), in addition to the usual spin connection = woi/i, 
the zweibein e^, and the scalars (p and 0". 
In what follows it will be convenient to define 
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''''fib 

rpa 

4>ab 



where 



e\u^ + i5\h 



M ■ 2 
heab - ipVab , 



(2.13) 

(2.14) 
(2.15) 



(2.16) 



We will see below that Q'^j^ can be interpreted as a noncommutative so(l, 1) © u{l) spin 
connection, with a trace part given by the abehan gauge field b^, whereas T" is the 
noncommutative torsion. 

Using the decomposition ( |2.12| ) and ( |2.13| ) - ( ^.15| ), the action ( |2.1| ) can be written as 



S={j d'x e^^ [0,, ^ (7^;:t - 2Aef^ ^ 6^ 
where we defined the noncommutative curvature two-form 



1 



(2.17) 



7^ 



ab 



)ab 



)cbi 



(2.18) 



from which we can see that indeed fi"^ plays the role of an so(l, 1) ©u(l) spin connection. 
The action ( |2.17| ) defines our model of noncommutative gravity in two dimensions. 
As in the commutative case, the fields 0" are Lagrange multipliers imposing the constraint 
T^^, = 0, i. e. , the vanishing of the noncommutative torsion. 
The other equations of motion following from ( |2.17|) read 



du(pab + - {^ta'*'<Pcb 



I . ^ 1 . ^ 



Now one can construct a metric according to 



0, 

0, (2.19) 
0. 



G 



IIU 1 



(2.20) 



where 
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1 



9,. = ,^Vai>{e%e'^} (2.21) 

is real and symmetric, and reduces to the usual expression for the metric in the commu- 
tative case, whereas 



B,. = -'-Mel.el] (2.22) 
is real and antisymmetric, and vanishes for 9^'^ = 0. 

We finally note that the action ( |2.1| ) can be rewritten as a matrix model for the covariant 
coordinates defined in ( p.9| ). Setting 6 = 6^^, the action reads 



S = '^^,uTTni<l> ^ ([X^ XI - ^en) ■ (2-23) 



Here $ and X'^ are operators acting on a Hilbert space Ti = H! ®V , where Ti' is the 
infinite-dimensional subspace of the Hilbert space carrying the irreducible representation 
of [x'^,a;'^] = iO^^'^ , whereas V carries the fundamental representation of u(l, 1) 0. 
From (|2.23| ) we see that the scalar $ is a Lagrange multiplier enforcing noncommutativity 



of the covariant coordinates, 



[x'^,x'^] = ie 



(2.24) 



and 9 enters the coupling constant. It is interesting to note that, by generalizing the map 
from -^(2) to u{l) gauge models constructed in to a correspondence between m(1, 1) 
and m(1), one can represent the m(1, 1) valued functions $ and X^ as scalar functions in 
a u(l) theory^. 



3 The Seiberg-Witten map 



In it was shown that the Seiberg-Witten formula maps the Chern-Simons (CS) action 
on noncommutative spaces into the standard commutative Chern-Simons action. As the 
commutative version of the topological gauge theory (|2.1| ) can be obtained from the CS 
theory by dimensional reduction, one might ask whether a similar property holds for ( |2.1| ), 
i. e. , whether it is related to the standard commutative topological gauge theory by the 
Seiberg-Witten map. We will now show that this is indeed the case. 



"Cf. also 

^Note however that due to the modified group metric in our case (t/(l, 1) rather than U(2)) this 
mapping is less trivial than the one in and would produce a nonstandard U{\) action. We would 
like to thank A. Polychronakos for comments on this. 
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A correspondence between commutative and noncommutative gauge field theories can be 
defined by the SW map ||0 



5$ = -^(5r^{A,,6'^<l> + D^$}, 

5F^, = '-6e''^[2{F^^,F,p]-{A^,dpF^, + DpF^,)], (3.1) 

where the transformation formula for the adjoint scalar $ can be found by dimensional 
reduction from three to two dimensions, setting 9'^^ = 0, /i = 0, 1, and $ = A^. 
In order to study the variation of the action (|2.1| ) under the SW map, we differentiate it 
with respect to 6^°^, 



Using (|3.1|), this simplifies after some algebra to 



6S 
66^ 



-'-{F^p, $} * Foi - ^<l> * {Fo„, F^i} + ^$ * {Fop, 



(3.3) 



As we are in two dimensions, the only nonvanishing component of 6^" is 6^^ = 6. It is 
then easy to see that 



1^0. ,3.4, 

and therefore the deformed action is mapped to the standard commutative one. We 
have to keep in mind, however, that the SW map is of perturbative nature in 6, so 
the equivalence between the deformed and undeformed models holds perturbatively. Of 
course, the noncommutative theory ( |2.1|) can also have solitonic solutions that become 
singular for 6' — > 0, and thus have no analogue in the commutative case. Furthermore, 
in deriving ( p.4|) , we discarded boundary terms, so that in presence of a boundary the 
equivalence of the noncommutative and the commutative topological gauge theory fails. 
This is analogous to the case of Chern-Simons theory in three dimensions [E2] . 



4 Gauge symmetries and deformed difFeomorphisms 

In this section we want to find a candidate for diffeomorphisms in the noncommutative 
caseQ. Since in the commutative limit we want to obtain standard results, we start from 

^For an alternative derivation of the SW equation cf. [ p3| . 
''For related work cf. 24 1. 
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what is known in that case. The commutative version of our action ( |2.1| ) is invariant not 
only under the commutative version of the gauge transformations (|2.3|) , but also under 
infinitesimal diffeomorphisms (Lie derivatives) along an arbitrary vector field v = v'^d^, 



CyA = {diy + iyd)A , 

= iyd<l> , (4.1) 
where is the inner product on differential forms. 

Using the Leibnitz rule for the inner product (cj^ and ^'^ are respectively a p- and a 
q-form) , 



ty{uP A e) = {zyu^ A e + i-YuP A (z.e") , (4.2) 
it is easy to prove that 



CyA = 6i^AA + iyF , 

= 5,^A^ + tyD^. (4.3) 



From Eq. ( [4.3|) and from the equations of motion (p75-2.6) we see that, on-shell, the 



infinitesimal diffeomorphisms can be written as gauge transformations with parameters 
A = iyA. This fact can be used to relate translations and gauge transformations with 
A = a"'Ta. To this end we divide the connection into a part containing the zweibein and 
a part containing the spin connection and the center U{1), 

A = r^e + e , e = elTadx'' , 9 = uj^T2dx^ + b^r^^dx'' . (4.4) 

In this way, with an invertible we can write 



v^" ■= le^a" ^a^ = rHye" , (4.5) 

thus obtainingPI 



Sa'^TaA = CyA + Si^eA , 

S^a,^^ = Cy^ + Si^e^. (4.6) 

In the noncommutative case the situation is quite different. Whereas the action ( p.l| ) is 
invariant under gauge transformations ( p.3|) , the invariance under diffeomorphisms seems 

^We use the symbol = for equations which are valid on-shoU. 
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to be completely destroyed. However we will show that the results obtained in the com- 
mutative case naturally suggest how to deform the diffeomorphism invariances in the 
noncommutative case. 

Let us introduce the most natural generalization of the inner product and the Lie deriva- 
tive in the noncommutative theory. If a;^ is a p-form we define 



1 



1^ * '^p/^i.../^p-i ~^ '^pfj.i...^ip- 



^ *vP] dx^^ A ... A dx^^-^ , 



2{p-iy: 



dx^^ A ... A dx^"^ 



{dil + ild)uj^ 



(4.7) 



where the exterior derivative d is defined as in the commutative case and satisfies the 
same properties. It is important to note that the Leibnitz rule in Eq. ([4.2| ) is not valid 
anymore. Using the above definitions we get 



^:[A^^A] 



1 



il[^^A] = ^^{e^A)--[^,v>^]^A^ 



^J, 5 



z:[A^<^] 



1 



i:a)^^+-a^^[^,v^] . 



(4. 



Inspired by the commutative counterpart in 
as 



we define the deformed diffeomorphisms 



At 



ilF + S^.aA , 



(4.9) 



Now we want to prove that these transformations are symmetries of the action modulo 
boundary terms. First we note that, if ^ is a 1-form and u; is a two form, a noncommutative 
integrated version of the Leibnitz rule (^.2|) is valid: 



^ A' 



d^xe'^'^.^ie^cu) 



8 



cfxe^^iv^ + ujpi< v^) 7^ ujpv 
m^u;. (4.10) 



Note that in order to obtain (|4.1CI| ) the symmetric form of the definition of i* and the fact 



that we are in two dimensions are cruciaL 

Since we know that the action is gauge invariant under (|2.3| ), in order to prove its in- 
variance under the deformed diffeomorphisms ( [4 .91) it is sufficient to show that it remains 
unaltered by the transformations 

5',^ = ilD^ . (4.11) 

Using Eg. (14.101) , we obtain 



= (3 j Tr (£)$) * F + $ * {di^F + A* A + A A* ilF) 

= P j Tr{D<!>AU*F-d<!>A*i*F + <!>i<ilFA*A + <!>^AAU*F) 

= (3 j Tr[D^ A^ i^F - {d^ + Ai. <^ - <^ i< A) A* i^F] 

= 0. (4.12) 



Thus we have shown that the deformed diffeomorphisms ( [4.14| ) are indeed symmetries of 
the action. 

We can also write the noncommutative version of Eq. (|4.(j|) as 



5,..,$ = A:$ + 5,je$, (4.13) 

where now v = v^dp is such that a"' = l~^i*e"'. Note that the vector v can always be 
chosen to be real. This is shown in appendix 0. 

Using Eq.( [4.8| ), it is straightforward to prove that the deformed diffeomorphisms ([4.9|) can 
be written as 

A: = C:+^-{Ap,[.,v^]}. (4.14) 
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The transformation properties of the fields ( |2.12| ) under the action of ( [4.14| ) are given in 
appendix 0. In particular, the symmetric part g^^^^ and the antisymmetric part B^^^y of the 
metric ( p.20| ) transform as 



+ [[e;:,5.^^1,ea + [K,9X],eJ]) 

AlB,. = C:B,.~'-Vat{K,v%d,el}-{[e:,v%d,el} 
+{[e^,5.^1,eJ}-{K,aX],eJ}) 

~ea,{[el[u^„ [elv^]]]-[e:,[^P, [el^]]] 
-K[e%[K,v^]]] + [et,[e% [b^v'^]]]) . 

One may note that these transformations reduce to ordinary diffeomorphisms if 6'^'^ = 0. 

5 Some solutions 
5.1 Fuzzy AdS 

The undeformed gravitational action admits the AdS2 solution 

ds"^ = --rdt^ + —dr^ . (5.1) 

This leads to the connection 



ir/l 1 \ ._1/^01\ 
'^'~2P[~l -1 J ' ^'~2^[l J 

which can be written as A = g~^dg with 



At this point, we observe that g is the product of two matrices f,h & SU{1,1), each 
one depending on a single variable only. This implies that /, h are elements of U{1, 1)^. 
Consequently we have g := f-kh & U{1, 1)* and we can use g to obtain a noncommutative 
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solution Afj, = ^d^g. 

With these matrices, we easily obtain 

A^ = A^, (5.4) 



so that (|5.1|) is a solution of the noncommutative gravity. This is the fuzzy AdS2. 
Fuzzy AdS2 was obtained in p5[| P| by an analytic continuation of the fuzzy sphere ^ 



Let us briefly recall the construction. We denote the Cartesian coordinates of AdS2 by 
X-\X^,X\ The algebra of fuzzy AdSs is m 



[x\x^] = ter'x^\ (5.5) 
[x\x-^] = iei-^x\ 

where 9 is the noncommutativity parameter, and / the curvature radius of AdS2, so 



7],,X'X^ = ~{X~^f - {Xy + {X^f = -l^ , (5.6) 

with {rjij) = diag(— 1, —1, 1). The isometry group SU{1, 1) of AdS2 preserves the algebra 
(|0| ), and thus SU{1, 1) is also a symmetry of fuzzy AdS2. 

In the commutative case ^ — * 0, the X* are commuting coordinates and one can parametrize 
AdS2 by 



r = X-^ + X\ t = -Xr (5.7) 

r 

This leads to the induced metric ( |5.1|) . 

In the noncommutative case, ( p.7| ) suggests the definition 



X~^ + X^ 



t 



-1 



X° + X°r-i) 



(5.8) 



where we have introduced symmetrized products for r ^ and X^ so that t is a Hermitian 
operator p5|. From (|5.5|) it follows that the commutation relation for t and r is given by 



[t, r]=i9. 



(5.9) 



Further evidence for ( |5.9| ) was given in |^ by considering closed strings in AdS2. Besides, 
we note that ( |5.9| ) is preserved by diffeomorphisms generated by the three Killing vectors 
of the metric (|5.1|) . 

9Cf. also [Eel. 



11 



Finally we observe that, writing the AdS2 metric in a conformally flat form by introducing 

X = l^/r, 



ds^ = —{-df + dx'^) , (5.10) 
the new coordinates obey the commutation relation 

[x,t]=i9l-^x^ , (5.11) 
which is that of a quantum plane structure. 

5.2 Deformed solutions 

Besides the hermitian metric defined in equation ( p.20[ ), there is another fundamental 
bitensor which can be constructed in a natural way and corresponds to a nonantisymmetric 
volume 2-form: 

E^u = eabC^^ ^el = H^, + iM^, , (5.12) 

where 

H,. = \e,,{el,el} (5.13) 

is real and antisymmetric and reduce to the usual volume form in the commutative case, 
whereas 

M,. = -'-e,,[el,el] (5.14) 
is real and symmetric and vanishes for 9^^'^ = 0. 

We observe that, while in the commutative case the tensors 6*^,^ and E^j^^ are invariant un- 
der the gauge transformations corresponding to the boost and the U{1) gauge symmetry, 
in the noncommutative case this invariance property is no longer valid. Using Eq. (p.2| ), 
it is easy to show that under an infinitesimal boost these fields transform as 

^CraC^!/ = --^i^fj-!^^^] ' ^iT2Efj.u = -■^t'^^*'"^] ■ (5.15) 
The fields g^j,^, B^^, H^^, and M^j, transform according to 
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d^r^H^u = -^[B^u, ^] , S^TiMf^u = ^[9f,u, Q ■ (5.16) 

For an infinitesimal U{1) gauge transformation, we obtain from Eq. (p.3|) the transforma- 
tion rules 



^xTs^i^u = ^[G^i,, x] , ^TiEi^y = - [Ef,^, x] , (5.17) 



or equivalently 



t 1 

S^r.H^, = '-[H^,, x] , S^rsMf,, = ^[M^u, X] ■ (5.18) 

We see that in the noncommutative case all the fields become charged under the U{1) 
gauge symmetry. 

These results can be summarized and generalized to finite gauge transformations assem- 
bling G^u and E^u together in a doublet, 

^--(^::)-(t)^'(Ac)' 

which transforms under a finite boost or U{1) gauge transformation as 



S^u^ [U-'^S^,f*U. (5.20) 



In order to deform the classical AdS2 solution ( ^J]) , we can iterate Eq. ( ^.16|) twice, 
obtaining, up to second order in 6* = 9^^ 



2 



P 21 



9rr = - + e' — [drdtm-dUdr^-3r-'dtm] + 0{e'), (5.21) 



r 



r 



Mtt = -e-dti + o{e^) 
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where C,{t,r) is an arbitrary function, which should of course be restricted appropriately 

if one wants the metric to approach AdS2 asymtotically, i. e. , for r oo. Note that the 

antisymmetric volume form as well as Bfj,iy, continue to be zero. 

We further observe that corrections to the metric become very large when r — > 0, so that 

perturbative calculations in the noncommutativity parameter 6 are not reliable near the 

horizon. 



6 Conclusions 

In this paper, we presented a model of noncommutative gravity in two dimensions based 
on a deformation of an SU{1, 1) topological gauge theory. The substitution of ordinary 
products by the Moyal product makes it necessary to enlarge the gauge group to f/(l, 1). 
This amounts to introducing an additional abelian gauge field as well as an additional 
scalar. Those fields corresponding to the trace part are coupled to the gravitational 
fields in the noncommutative case, and decouple for 6^'^ = 0. We also showed that the 
deformed action admits an equivalent formulation in terms of a matrix model, whose 
coupling constant contains the noncommutativity parameter. 

The metric that we defined contains a symmetric part, which reduces to the ordinary 
metric once the noncommutativity parameter is set to zero, and an antisymmetric part 
that vanishes for 6'^'^ = 0. 

Furthermore, some solutions of the noncommutative model, like fuzzy AdS2, were ob- 
tained, and symmetries of the deformed action were studied. In particular, it was found 
that the action is invariant under a class of transformations that reduce to ordinary dif- 
feomorphisms in the commutative case. 

We saw that the Seiberg-Witten formula maps the topological gauge theory on non- 
commutative spaces to the standard commutative one. This behaviour is known from 
three-dimensional Chern-Simons theory [Q, and might be related to the topological na- 



ture of the model. One has to keep in mind, however, that the Seiberg-Witten map is of 
perturbative nature in 6, and that the deformed action can admit solitonic solutions that 
become singular when the noncommutativity parameter tends to zero. Therefore, we do 
not expect the deformed model to be entirely equivalent to the undeformed one. 
Further development of our work would be to address issues like the quantization of the 
theory, or the classification of solutions of the matrix model ( p. 231) . We hope to report on 
this in the near future. 
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A Conventions 

An element M of the Lie algebra 1) satisfies 



M\ = -v,,M'^,v''\ (A.l) 

where a bar denotes complex conjugation, and (rjab) = diag(— 1, 1). We choose as u{l, 1) 
generators 



1 f i \ 1/01 



= -2[^ J ' ^=^=2(0 ^ ) ■ ^^-'^ 
They are normalized according to 

Ti (taTb) = ^rjAB , (A. 3) 

where (tiab) = diag(— 1, 1, 1, —1) is the inner product on the Lie algebra. The generators 
([A .21) satisfy the relation ([A.l|) . Further, if i,j, k assume the values 0, 1 and 2, then the 
following relations hold: 



Ktj] = -EijkT^ (A.4) 

[r^rs] = (A.5) 

1 i 

^i^j = -^^vkr^ - 2^*i^3 (A.6) 

i:i{TiTjTk) = -^eijk (A.7) 

TriTiTjT^) = -riij (A.8) 

where (rjij) = diag(— 1, 1, 1) and eoi2 = 1- 

We furthermore defined eoi = 1, and antisymmetrize with unit weight, e. g. 



e[,^et] = ^(e^^e^-e>ey . (A.9) 
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B Gauge transformations of the gravitational fields 



In this appendix we write the exphcit form of the different gauge transformation for the 
gravitational fields defined in Eg. ( [^.12| ). If we divide gauge transformations defined in 
Eq. ( |2.3|) in translations (A = a^Ta), boost (A = ^T2) and U{1) gauge symmetry (A = XT3), 
their action on the fields turns out to be the following: 

• Translations 

= ^eV0,«'} + ^[p,«1, (B.l) 
1 1 

Sab = -YiVab[e'',a''], 5„p = -— r^^^^", «1 • 

• Boost 



S^uj = d^+'-[b,^], 5^<^=l[p,e], (B.2) 

Z X 

U(l) gauge symmetry 



6^r- 








SxP = 





X V 

6^uj = -[uj,x], 6^(f) = ^[(f),x], (B.3) 

S^b = dx+-[b, x] , 

C Reality of the vector field v 

We still have to prove that the vector field v generating the transformations ( |4.9| ) can 
always be chosen to be real. Indeed assuming the zweibein to be invertible as an 

ordinary matrix, we look for a solution v of la"" = i*e°' = v'^-ks e^, with -ks '■= cos(^ dxd ), 
written as a series in 6^"^ , 
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n=0 



(n) 
V 



(n) 

where v is of order n in 6"^''. 
Now we write 



(C.l) 



la"" 



7 — — v>^\ - 9x9 e,, 



7i,m=0 



(2m)! 



(2m)! 

EE' ' 



n,m=0 
oo fc 



(2m)! 



(2fc-2m) ,1 



2m „ , (2fc-2m+l) ,1. 



i^-^x-Wy-'el . (C.2) 



fc=0 m=0 

We find that the zero order condition admits a unique solution 



whereas the first order condition 



(0) 



(C.3) 



(1) 

v^el = 



(C.4) 



(1) (n) (2fc+2) (2fc+3) 

imphes that v'^ = 0. By induction, knowing v for every n < 2k, the ^ and v ^ 

(2n) {2n+l) 

are uniquely determined in terms respectively of the v ^ and v of lower order. So, 

(1) {2n+l) (0) 

if f = 0, then ^ = for every n and knowing f ^ one can construct iteratively the 
complete solution of the condition ( |C.2| ). 



D Transformation properties of the fields 

Under the action of the transformations ( [4. 141 ), the fields ( |2.12D transform as 



+ 7(K,[&.,^1} + {&.,[e^,t;1}) , 
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Alb, = /:ib,-^{vat{et,[elv^]} + {uj^,[uj„v^]}) 

+|(yK,[P,^1} + {&.,r,^1}) , 
+^(K,[p,^;1} + {6.,[0,^1}) , 

+ |{&.,[P,^1}- (D-1) 
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